Let B be a Hirata separable and an Azumaya Galois extension of B G with Galois group G. Then several characterizations of such a B are shown, and an equivalent condition is given for such a B satisfying the fundamental theory.
Introduction
Let B be a ring with 1, G a finite automorphism group of B, C the center of B, and B G = {b ∈ B | g(b) = b for each g ∈ G}. In [3] , [6] , [9] , the class of central Galois extensions B over C with Galois group G was studied. In [5] , [8] , the class of Hirata separable and Galois extensions B of B G with Galois group G was investigated. In [1] , [2] , [14] , the class of Galois extensions B of B G with Galois group G such that B G is an Azumaya C G -algebra was explored, such a B is called an Azumaya Galois extension. The purpose of the present paper is to study the class of Hirata separable and Azumaya Galois extensions B of B G with Galois group G. We shall show several characterizations of such a Galois extension B, and give an equivalent condition for such a B satisfying the fundamental theory which generalizes Theorem 3.4 in [10] . Examples are also constructed to show that the class of Hirata separable and Azumaya Galois extensions is a broader class than the class of central Galois extensions, and is properly contained in the class of Azumaya Galois extensions and the class of Hirata separable Galois extensions.
Basic Definitions and Notations
Let B be a ring with 1, C the center of B, G a finite automorphism group of B, B G the set of elements in B fixed under each element in G, and A a subring of B with the same identity 1. We call B a separable extension of A if there exist {a i , b i in B, i = 1, 2, ..., m for some integer m} such that a i b i = 1, and 
A ring B is called a Galois algebra over R if B is a Galois extension of R such that R is contained in the center C of B, and a central Galois algebra over R if R = C ( [6] 
Throughout this paper, we assume that B is a Galois extension of B G with Galois group G, C the center of B, J g = {b ∈ B | bx = g(x)b for each x ∈ B} for a g ∈ G, and for a subring A of B with the same identity 1,
= a for all a ∈ A} and V B (A) the commutator (also called centralizer) subring of A in B.
Main Results
Keeping the definitions and notations in section 2, in this section, we shall show several characterizations of an Azumaya Galois extension B which is also a Hirata separable extension of B G , and give an equivalent condition for such a B satisfying the fundamental theory. We begin with a very useful property of an Azumaya algebra given by S. Ikehata. 
algebra and the order of G is invertible in B.
(
4) B is Azumaya and V B (B G ) is a central Galois algebra over C with Galois group
G V B (B G ) ∼ = G.
Proof. (1) =⇒ (2) By hypothesis, B is an Azumaya Galois extension of B

G
with Galois group G. Moreover, since B is a Hirata separable Galois extension of 
2). Therefore V B (B G ) is a central Galois algebra over C with Galois group
G V B (B G ) ∼ = G. (4) =⇒ (2) Since V B (B G )
is a central Galois algebra over C with Galois group G V B (B G ) ∼ = G, B is a commutator Galois extension of B G with Galois
, and so C = C G . Moreover, by hypothesis, B is an Azumaya C-algebra. Hence B G is an Azumaya C G -algebra ( [12] , Theorem 3.1). Therefore B is an Azumaya Galois extension of B G with Galois group G such that C = C G . This completes the proof.
Next, we show an equivalent condition for a Galois extension B as given in Theorem 3.2 satisfying the fundamental theory. We begin with two important lemmas given by T. Kanzaki.
Lemma 3.3 ([6], Proposition 1) Let B be a Galois extension of B G with Galois group
G. Then V B (B G ) = ⊕ g∈G J g .
Lemma 3.4 ([7], Proposition 3.1) Let B be a Galois extension of a separable R-algebra with Galois group G. Then B
H is a separable R-algebra for every subgroup H of G. 
Corollary 3.5 Let B be an Azumaya Galois extension of
. This completes the proof.
We remark that since a central Galois algebra B over C with Galois group G is a Hirata separable and an Azumaya Galois extension of B G with Galois group G, Theorem 3.6 generalizes the characterization for a central Galois algebra satisfying the fundamental theorem given by G. Szeto and L. Xue.
Corollary 3.7 ([10], Theorem 3.4.) Let B be a central Galois algebra over C with Galois group G. Then B satisfies the fundamental theorem if and only if for any separable subalgebra
We conclude the present paper with three examples of a Galois extension B with Galois group G to illustrate that (1) B is an Azumaya Galois extension of B G with Galois group G, but B is not a Galois extension with Galois group G as given in Theorem 3.2; (2) B is a Hirata separable Galois extension of B G with Galois group G, but B is not a Galois extension with Galois group G as given in Theorem 3.2; (3) B is a Galois extension with Galois group G as given in Theorem 3.2, but not a central Galois algebra with Galois group G. 
(3) B is a Galois extension of B G with Galois group G and a Galois system
where I 2 is the identity matrix in M 2 (Z) and 0 2 is the zero matrix in 
(2) B is a Galois extension with Galois group G with a Galois system 
